We give algebraic proofs of transcendence over Q(X) of formal power series with rational coe cients, by using inter alia reduction modulo prime numbers, and the Christol theorem. Applications to generating series of languages and combinatorial objects are given.
Introduction
Formal power series with integer coe cients often occur as generating series. Suppose that a set E contains exactly a n elements of \size" n for each integer n: the generating series of this set is the formal power series P n 0 a n X n (this series belongs to Z X]] Q X]]). Properties of this formal power series re ect properties of its coe cients, and hence properties of the set E. Roughly speaking, algebraicity of the series over Q(X) means that the set has a strong structure. For example, the Chomsky-Sch utzenberger theorem 16] asserts that the generating series of an unambiguous context-free language, i.e., the series whose n-th coe cient is the number of words of length n belonging to the language, must be algebraic. Other examples occur in the study of the growth series of a nitely generated group (see 56] or 32] for example). Finally the reader will not be astonished if he is reminded that transcendence of formal power series with integer coe cients can be useful in ... number theory: for example one step in the proof that the Thue-Morse number is transcendental over Q is to prove the transcendence of the formal power series whose sequence of coe cients is the Thue-Morse sequence (see 22] for example).
The most classical methods for proving transcendence of these series consider them as complex functions, and use analytical tools: asymptotics of the coe cients and behaviour near the singularities for algebraic functions are very speci c, and proving that one of these 1 conditions is violated gives transcendence. A nice and useful survey is a 1987 paper by Flajolet 26] , where such methods are in particular applied to generating series of formal languages.
Another simple and already used idea that we will try to develop here is to note that: if a series with integral coe cients is algebraic of degree d over Q(X), then, its projection modulo a prime number p is an algebraic series over F p (X), and its degree d p satis es d p d. The proof of this assertion is left to the reader. Hence to prove the transcendence of a formal power series with integer coe cients, it either su ces to prove the transcendence of its projection modulo some prime p, or to exhibit a sequence of primes p for which the projections modulo p are algebraic of degree d p , and d p is not bounded.
The reciprocal of the claim above does not hold: the formal power series P 1 n=0 n!X n! clearly has algebraic (actually polynomial, hence rational) reductions modulo all primes p, but is not algebraic over Q(X), see Section 5 for example. Van der Poorten conjectures in 60] that: if a formal power series P n a n X n with rational coe cients is the diagonal of a rational power series in two variables (i.e., there exists a formal power series P m;n b m;n X m Y n in Q(X; Y ), such that for all n, a n = b n;n ), then, it is algebraic over Q(X) if and only if its reductions modulo p are algebraic over F p (X) for all prime numbers p, and of degree bounded independently of p. One of the results of this paper is that if the coe cients of a formal power series have the p-Lucas property for all large prime numbers p (see de nition below), then, the formal power series is algebraic over Q(X) if and only if for all large prime numbers p its reductions modulo p are algebraic over F p (X), and of degree bounded independently of p.
This paper is twofold: we rst survey uses of \algebraic" methods to prove transcendence over Q(X) of formal power series with rational coe cients. We do not claim that these methods are necessarily simpler than, for example, the classical use of the theorems of Fatou, Carlson, and Szeg} o (see Section 5). The purpose of this survey part is only to provide an alternative method, which might also work when the analytical techniques fail or are di cult to work out. The rest of the paper is devoted to new results that generalize a result in 7] , and that can be applied to some series containing binomial coe cients. In particular we prove the following theorem: let (a n ) n 0 and (b n ) n 0 be two nonzero sequences of rational numbers. We suppose that there exists a prime number p 0 such that the sequence (b n ) n 0 has the p-Lucas property for all prime numbers p p 0 , i.e.,
for each prime number p p 0 , for all integers n 0 and j 2 0; p ? 1], we have b pn+j b j b n mod p, for each prime number p p 0 , p does not divide the denominators of the a n 's, and for all integers n 0 and j 2 0; p ? 1], we have a pn+j a j b n mod p.
If furthermore the formal power series P n 0 b n X n is not of the form 1 p 1+aX+bX 2 for rational numbers a and b, then, the formal power series P n 0 a n X n is transcendental over Q(X).
A useful tool
One of the tools we will use is the Christol theorem (see 17], see also 18] We can now state Christol's theorem Theorem 2.1 ( 17] , see also 18]) Let F q be a nite eld. Let (u n ) n 0 be a sequence with values in F q . Then, the sequence (u n ) n 0 is q-automatic if and only if the formal power series P n 0 u n X n is algebraic over F q (X). We will also use the following theorem due to Cobham.
Theorem 2.2 19]
If a sequence on a nite set is both a-automatic and b-automatic, and if a and b are multiplicatively independent (i.e., log a= log b = 2 Q), then, the sequence is ultimately periodic.
3 A rst example Theorem 3.1 45] The language of primitive words over an alphabet of cardinality 2 cannot be unambiguous context-free.
To prove this result, Petersen 45] proves that the generating series of the language of primitive words on a k-letter alphabet: P n 0 a n X n , where a n = P djn ( n d )k d , is transcendental over Q(X), when k 2. This implies that the corresponding language is not unambiguous context-free, by using the theorem of Chomsky-Sch utzenberger 16]. In 3] we give a di erent proof of Petersen's result: to prove the transcendence of this series (for k 2) it su ces to prove the transcendence of the series 1 k X n 1 a n X n = X n 1 (n)X n + kT(X);
where T(X) = P n 1
Reducing modulo a prime divisor p of k, and noticing that the series kT(X) is zero modulo p, it su ces to prove that the formal power series P n 1 ( (n) mod p)X n is not algebraic over F p (X). According to Christol's Theorem (Theorem 2.1 recalled above), it su ces to prove that the sequence ( (n) mod p) n 1 is not p-automatic. If it were, a theorem of Cobham 20] would imply that if the natural density of the set fn 2 N nf0g; (n) 6 = 0 mod pg exists, then, this is a rational 3 number. But this density exists and is equal to 6= 2 (density of the square-free integers), which is not a rational number.
Note that the above coe cients a n = a n (k) = P djn ( n d )k d occur in many di erent contexts:
the number of periodic points of exact period n for the shift on k-symbols is equal to a n (k) (see 53, p. 764{765] for a more general framework); the number of di erent juggling sequences with smallest period n and with exactly k balls is equal to 1 n (a n (k + 1) ? a n (k)) (a proof is given in 14] as a consequence of Worpitzky's identity 62]); the number of irreducible monic polynomials of degree n over a nite eld of cardinality q is equal to 1 n a n (q); as noted in 13] this result goes back to Dedekind 21] 2e a e (p) if p is an odd prime, and e is odd and > 1; the ranks of the quotients of the lower central series of a free group of rank k, are given by r n = 1 n a n (k), see 50, Chapter 4], see also 11]. For a survey of many occurrences of the quantity a n (k), the reader is referred to 47].
To end this section, we note that the generating series of the language of primitive words over an alphabet with 2 or more letters was proved transcendental in 45] , but that the same series with a di erent meaning was also proved transcendental in 11] (this reference was communicated to us by R. Grigorchuk and P. de la Harpe). We also note, as did Petersen in 45] , that the property that the language of primitive words is not unambiguous context-free, implies a result of 23]: the language of primitive words over an alphabet with 2 or more letters is not deterministic context-free. 4 Generating series for formal languages In his 1987 paper 26] Flajolet used analytic tools to prove that some languages are not unambiguous context-free. In this section we give (almost) purely algebraic proofs of most of the examples given by Flajolet in 26] in its Theorems 1 to 7. Let us consider the following languages:
let O 3 be the language O 3 = fw 2 fa; b; cg ; jwj a = jwj b or jwj a = jwj c g; let O 4 be the language O 4 = fw 2 fx; x; y; yg ; jwj x = jwj x or jwj y = jwj y g; let 3 be the language 3 = fw 2 fa; b; cg ; jwj a 6 = jwj b or jwj a 6 = jwj c g; let S be the language S = fa n bv 1 a n v 2 ; n 1; v 1 ; v 2 2 fa; bg g; let n denote the unary representation of the integer n as a n b. De ne the languages P 1 and P 2 by P 1 = fn 1 n 2 : : :n 2k ; (8j; n 2j = n 2j?1 ) or (8j; n 2j = n 2j+1 ; n 2k = n 1 )g; P 2 = fn 1 n 2 : : :n k ; n 1 = 1; (8j; n 2j = 2n 2j?1 ) or (8j; n 2j = 2n 2j+1 )g; let G 6 = , G < , G > , H 6 = be the languages G 6 = = fn 1 n 2 : : : n p ; for some j; n j 6 = jg, (Goldstine language), G < = fn 1 n 2 : : : n p ; for some j; n j < jg, G > = fn 1 n 2 : : : n p ; for some j; n j > jg, H 6 = = fn 1 n 2 : : : n p ; for some j; n j 6 = pg; de ne the languages K 1 and K 2 by K 1 = fn 1 n 2 : : :n k ; for some j; n j+1 6 = n j g, K 2 = fn 1 n 2 : : :n k ; for some j; n j+1 6 = 2n j g; Theorem 4.1 (see 26] and its bibliography) The twelve languages above are not unambiguous context-free. Proof.
We give here proofs that the corresponding generating functions are transcendental without using analytic methods. These proofs begin like Flajolet's.
Proving the transcendence of the generating function of the language O 4 boils down (see 26]) to proving the transcendence of the generating series of the language fw 2 fx; x; y; yg ; jwj x = jwj x g \ fw 2 fx; x; y; yg ; jwj y = jwj y g:
The even part of this series is P n 1 ? 2n n 2 X n whose transcendence is well-known, and proved in a purely algebraic way in 61], see also 7] and Section 6 below.
The generating function of the complement of the language 3 satis es X n 1 a 3n X n = X n 1 3n n; n; n X n : This series is transcendental as proved in 49]; see also 10]. An algebraic proof is given in 61]; see also 7] and Section 6 below. Hence the generating series of 3 is also transcendental. As noted in 26] the transcendence of the formal power series P n 1 ? 3n n;n;n X n also gives the transcendence of the generating series of the language O 3 .
5
The generating function of the language S is equal to S(X) = X(1?X)
1?2X+X n+1 . If this formal power series were algebraic over Q(X), this would also be the case for the power series P n 1 X 2n 1?2X+X n+1 . Hence the reduction modulo 2 of this last power series would be algebraic over F 2 (X). But and it su ces to prove the transcendence over F 2 (X) of the power series P n;k 1 X kn = P n 1 (n)X n , where (n) counts the number of divisors of the integer n. But (n) reduced modulo 2 is exactly the characteristic function of the squares. Finally we have to prove that the series P n 1 X n 2 is not algebraic over F 2 (X). If it were, Christol's theorem (Theorem 2.1) would imply that the set of squares is 2-automatic, which is not the case, as proven algebraically in 48]. Note that this last result also follows from a theorem of Cobham 20] whose proof uses (real) analysis. The transcendence proof for the generating function of the language P 1 reduces to proving transcendence of the formal power series P n 1 (n)X 2n , which is a consequence of the transcendence of the formal power series P n 1 (n)X n proved above. To prove transcendence of the generating series for P 2 boils down to proving transcendence over Q(X) of the series P n 1 X 2 n . If this series were algebraic over Q(X), its reduction modulo 3 would be algebraic over F 3 (X), hence, using again Christol's theorem, this would imply that the characteristic function of the powers of 2 is 3-automatic. On the other hand this characteristic function is clearly 2-automatic. Hence, from Cobham's theorem (see Theorem 2.2 above), this sequence, being both 2-automatic and 3-automatic, would be ultimately periodic. This is clearly not the case, since it contains arbitrarily large strings of zeros.
The generating function for G 6 = is equal to 1?X 1?2X ? 1
To prove transcendence of the generating function of G < , it su ces to prove transcendence of the bivariate series B(X; Y ) = 1
. Finally to prove that the generating function of the language H 6 = is transcendental, it su ces to prove that the series P n 1 X n(n+1) is transcendental. It is not di cult to see that transcendence of these three series is a consequence of the transcendence of the series P n 1 X n 2 , that has been proved above. To prove transcendence for the characteristic function of the language G > boils down to proving transcendence of the power series F(X) = Q k 1 (1 ?X k ) (the inverse of the generating series of partitions). The transcendence of this series is well-known. We give an easy algebraic proof as follows: if F(X) were algebraic over Q(X), then X F 0 (X)
would also be algebraic (the derivative of an algebraic power series is itself algebraic, as can be seen by taking the derivative of the minimal equation satis ed by the power series). We have:
where 1 (n) = P djn d. If this series were algebraic over Q(X), its odd part would also be algebraic. Hence P n 0 ( 1 (2n+1) mod 2)X 2n+1 would be algebraic over F 2 (X). But 1 (2n+1) (2n+1) mod 2. If the series P n 0 ( (2n+1) mod 2)X 2n+1 were algebraic over F 2 (X), the series P n 0 ( (2n + 1) mod 2)X n would clearly be also algebraic. But ( (2n+1) mod 2) n is the characteristic sequence of the odd squares, which, as above, do not form a 2-automatic set. Note that the series F(X) (actually its inverse) also occurs as the growth function of an indexed language in 33]. Note also that transcendence of other formal power series related to partitions can be obtained in the same way. To give but one example, the formal power series Q n 1
(1?X tn ) t 1?X n occurs when counting partitions of an integer that are t-cores (see 30]; for congruence questions in the case t = 4, see the recent papers 36, 44]). We can prove algebraically the transcendence over Q(X) of this in nite product for t 2, as follows. Let p be a prime divisor of t. The logarithmic derivative of the in nite product times X boils down modulo p to P n 1 nX n 1?X n = P n 1 1 (n)X n . If p = 2, transcendence modulo 2 has been proved above. If p is odd, this is a consequence of a result we proved in 9] (using a result of Rankin 46] ): the series P n 1 ( u (n) mod p)X n , where u (n) = P djn d u , is transcendental over F p (X), if p?1 gcd(u;p?1) is even. We nally note that this last result permits us to prove the following general transcendence result: the formal power series P n 1 u (n)X n is transcendental over Q(X) for u 2 N nf0g. Namely the series P n 1 ( u (n) mod p)X n is transcendental over F p (X), if 
These relations easily imply that the sequence (h(n)) n 1 is 2-regular in the sense of 8]. Hence the projection of this sequence modulo 3 is 2-automatic. If the formal power series F(X) = P n 1 h(n)X n were algebraic over Q(X), its projection modulo 3 would be algebraic over F 3 (X). Hence the sequence (h(n) mod 3) n 1 would be 3-automatic. But Cobham's theorem quoted above (Theorem 2.2) implies that this sequence is ultimately periodic. Hence the formal power series F(X) P n 1 h(n)X n mod 3 would be a rational function in F 3 (X). But as noted in 5] we have XF(X) = 2(X + 1) 2 F(X 2 ) ? 2X 2 (1 + 2X + 2X 2 + 2X 3 + 2X 4 + 2X 5 ):
Slightly generalizing the proof given in 5] that this series is not a rational function in Q(X), we can prove that it is not rational modulo p, for any odd prime number p. Since 2 + +2 cannot be equal to 3 +7 (this would imply 2( ? ) = 5), the equality above implies: + 2 + 1 = max(2 + + 2; 3 + 7), which is easily seen impossible.
Miscellanea
We begin this section by recalling theorems due to Fatou, Carlson, and Szeg} o. Fatou proved in 25] that a power series P n 0 a n z n with integer coe cients that converges inside the unit disk is either rational or transcendental over Q(X). P olya conjectured, and Carlson proved in 15] , that such a series is either rational, or it admits the unit circle as natural boundary. In the same paper 25] Fatou also proved that a power series whose coe cients take only nitely many values that belong to, say Q, is either rational or transcendental. Szeg} o proved in 57] that such a series is either rational, or it admits the unit circle as natural boundary.
Actually the second result of Fatou quoted above can be proved without using complex analysis, but using the (deep) theorem of Cobham (Theorem 2.2 above).
Proof of Fatou's result using Cobham's Theorem. Let F(X) = P n 0 a n X n be a formal power series whose coe cients take only nitely many rational values. We will show that if F(X) is algebraic over Q(X), then, it is a rational function. Up to replacing F(X) by CF(X) + D 1?X , where C is a common denominator of the a n 's and D a large positive integer, we may suppose that the coe cients a n are positive integers. Let p 1 and p 2 be two di erent prime numbers that are > max n a n . Since F(X) = P n 0 a n X n is algebraic over Q(X), then, for j = 1; 2, the formal power series P n 0 (a n mod p j )X n is algebraic over F p j (X). From Christol's theorem, this implies that the sequence (a n mod p j ) n 0 is p j -automatic, for j = 1; 2. Since p j > max n a n , this means that the sequence (a n ) n 0 itself is p j -automatic for j = 1; 2. Cobham's theorem recalled above then implies that the sequence (a n ) n 0 is ultimately periodic, hence the formal power series F(X) = P n 0 a n X n is a rational function. 2 (Note that, strictly speaking, the proof of this theorem is not purely algebraic, since the proof of Cobham's theorem uses some real analysis).
As we said in the introduction, Fatou's, Carlson's, and Szeg} o's theorems are often used in classical proofs of transcendence. To give but one more example: let w be an in nite word on a nite alphabet, let Pref(w) be the language whose words are the ( nite) pre xes of w, and Copref(w) be the complement of the language Pref(w). Then, if the language Copref(w) is not regular, it cannot be unambiguous context-free. This result 12] is obtained by applying Fatou's (or Szeg} o's) theorem to the formal power series P n 1 (n)X n , where (n) is 1 if the nth letter of w is a given letter occurring in w, and 0 otherwise. We thus see that this result can be proved using the proof above and no complex analysis.
But note that we could not prove with our methods that the power series P n 0 n!X n! is transcendental: namely it cannot be rational (the huge strings of zeros for the coe cients prevent them from satisfying a linear recurrence relation), hence it is transcendental from Carlson's theorem. We also note that our methods give transcendence results for some series with binomial coe cients (see Section 6 below), but that we cannot prove (yet) using such methods that, for example, the formal power series P n 0 ? 3n n 3 X n is transcendental over Q(X), although Flajolet's methods permit to prove transcendence.
Finally we give an example essentially due to J. Shallit, that might seem ad hoc, but for which the above methods give a particularly simple proof of transcendence. Let ( n ) n be any sequence of integers that only takes values 4 and 7. Let s 2 (n) be the sum of the binary digits of the integer n. Then, the formal power series P 2 s 2 (n) n n X n is transcendental over Q(X) (hint: reduce modulo 3, and apply Cobham's theorem to the 1-Thue-Morse sequence).
Binomial series
In 1980 Stanley 55] conjectured that the series P n 0 ? 2n n t X n , where t is a positive integer, is algebraic only for t = 1 (for which its value is 1= p 1 ? 4X). And he proved, but only for even t's, that this series is indeed transcendental. The conjecture was proved by Flajolet in his 1987 paper 26] by analytic methods, and independently by Woodcock and Sharif 61] in 9 numbers p of this series, to note that the projection modulo p is algebraic of degree, say d p , (this is a consequence of a result that goes back to Furstenberg 28] , see also 52, 34] and the surveys 1, 51]: the Hadamard product of two algebraic series in positive characteristic is also an algebraic series), to nd for d p a lower bound, and to prove that this lower bound can be arbitrarily large.
Looking at the proof of Woodcock and Sharif, we see that they essentially use the pLucas property for central binomial coe cients: for any prime number p, if n = P n j p j is the base-p expansion of n, then ? 2n n Q ? 2n j n j mod p. This idea has been generalized in 7] where we prove that a formal power series whose coe cients have the p-Lucas property for all large enough prime numbers p is algebraic if and only if the sequence of its coe cients is either ? 2n n a n or P n (a)b n , where P n is the n-th Legendre polynomial, and a and b satisfy b 2 2 Q and ab 2 Q. As a consequence we have for example that the series P n 0 ? 2n n 2 X n , the series P n 0 ? 3n n;n;n X n , and the series P a n X n , where a n = P n k=0 ? n k 2 ? n+k k 2 is the n-th Ap ery number, are transcendental. The reader will nd a survey on sequences having the p-Lucas property for all primes p in 40] . We give below a theorem slightly more precise than the one given in 7] where condition (ii) is not given.
De nition Let p be a prime number. We say that the sequence of rational numbers (a n ) n 0 is p-Lucas, if all the denominators of the a n 's are prime to p, and if for all n 0 and for all j 2 0; p ? 1], we have: a pn+j a n a j mod p.
Remark 6.1 Taking n = j = 0 in the de nition above gives a 0 a 2 0 mod p. This gives that either a 0 0 mod p or a 0 1 mod p. In the rst case, taking n = 0 and any j 2 0; p ? 1] gives a j 0 mod p, hence a pn+j a n a j 0 mod p for all n's and j's which means that the sequence is 0 modulo p. In what follows we will consider sequences having the p-Lucas property for in nitely many p. Such a sequence is either 0 or it satis es a 0 = 1.
The following lemma is useful.
Lemma 6.2 Let (a n ) n be a sequence of rational numbers, with a 0 = 1, that has the p-Lucas property for all large prime numbers p. This sequence is ultimately equal to zero if and only if it satis es a 0 = 1 and a n = 0 for all n 1.
Proof.
Let j be a positive integer, and p be a prime number strictly larger than j, and for which the sequence (a n ) n has the p-Lucas property. Take a large integer`, and n(`) = j+pj+p 2 j+: : :+p`j, such that a n(`) = 0. We have a n(`) a`+ 1 j mod p. Hence a`+ 1 j 0 mod p, which implies a j 0 mod p. Since this holds for all large prime numbers p, this implies a j = 0. 2
We will also need a number-theoretical lemma. Lemma 6.3 Let a be a large integer. Then, there exist in nitely many prime numbers p such that any divisor of p ? 1 di erent from 1 and 2 is larger than a.
This
Theorem 6.4 Let (a n ) n 0 be a nonzero sequence of rational numbers. Then, the following conditions are equivalent.
(i) The sequence (a n ) n 0 has the p-Lucas property for all large primes p, and the series F(X) = P 1 n=0 a n X n is algebraic over Q(X).
(ii) For all large primes p the sequence (a n ) n 0 has the p-Lucas property, and the degree d p of the series P 1 n=0 (a n mod p)X n (that is necessarily algebraic over F p (X) from the p-Lucas property) is bounded independently of p. (iii) There exists a polynomial P(X) in Q X], of degree at most 2, with P(0) = 1, such that F(X) = P n 0 a n X n = P(X) ?1=2 .
Remark 6.5 Note that condition (i) is slightly redundant. Namely the p-Lucas condition implies in particular that the set of prime numbers that divide at least one of the denominators of the a n 's is nite. But this is also a consequence of the algebraicity over Q(X) of the series P a n X n : this is Eisenstein's theorem (announced by Eisenstein in 24] and proved by Heine in 35]).
Proof.
The implication (i) implies (ii) is clear.
To prove that (ii) implies (iii), we write
where A p (X) = P p?1 j=0 a j X j . Hence (F(X)) p?1 1 A p (X) mod p:
Since F p (and hence F p (X)) contains a primitive (p ? 1)-th root of unity (any generator of the cyclic multiplicative group F p ), the degree d p of F(X) over F p (X) satis es d p jp ? 1, and the minimal polynomial of F has the form F dp ?B p (X) = 0, where B p (X) belongs to F p (X), (see for example 38, p. 207]). Since d p is bounded, Lemma 6.3 above implies that d p is equal to 1 or 2 for all large enough p. Hence (F(X)) 2 belongs to F p (X), say
V p (X) mod p; where U p (X) and V p (X) are coprime polynomials in F p X]. We now write 7] ), that (F(X)) 2 W p (X) 1 mod p: Finally, for all large enough p, the formal power series 1=(F(X)) 2 is congruent modulo p to a polynomial depending on p, but of degree at most 2. Hence this series is a polynomial of degree at most 2 in Q X]. Since F(0) = a 0 = 1, this gives condition (iii).
Let us prove that (iii) implies (i). The algebraicity is clear, hence it su ces to prove that the sequence (a n ) n 0 has the p-Lucas property for all large enough prime numbers p. Let R(X) = 1 + aX + bX 2 and let p 0 the smallest odd prime number that does not divide the denominators of a and b. We write, for each prime number p p 0 ,
Note that the polynomial (R(X)) Looking at the coe cients of X pn+j for j 2 0; p ? 1] shows that for all n 0, for all j 2 0; p ? 1], we have a pn+j a n r j mod p. Taking n = 0 gives a j a 0 r j mod p. But a 0 = 1 as an easy consequence of the equality (F(X)) 2 = (1 + aX + bX 2 ) ?1 , which nally gives a pn+j a n a j mod p. n . This can certainly be proved by using analytic methods. What about a purely algebraic proof? The method above works for q = 0, up to proving that the sequence ?? 4n 2n ? 2n
n n 0 has the p-Lucas property for all (large) prime numbers p, which does not seem to be a direct consequence of the results given in 40]: we will prove this property below.
For q 6 = 0, we also give below a generalization of Theorem 6.4 which implies that the power series P C 2n+q
? 2n+q n+q X n is transcendental. 12 Proposition 7.1 Let m be an integer 1, let e 1 = 2, e 2 ; : : :; e m be integers such that e j e j+1 2e j for j = 1; 2; : : : ; m ? 1, and let r 1 ; r 2 : : : ; r m be integers 1. Then, the sequence (u n ) n 0 de ned by u n = 2n n r 1 e 2 n 2n r 2 e 3 n e 2 n Theorem 7.3 Let (a n ) n 0 be a nonzero sequence of rational numbers, such that there exist a nonzero sequence of rational numbers (b n ) n 0 and a prime number p 0 , with the properties:
14 for each prime number p p 0 , the sequence (b n ) n 0 has the p-Lucas property, for each prime number p p 0 , p does not divide the denominators of the a n 's, and for all integers n 0 and j 2 0; p ? 1], we have a pn+j a j b n mod p.
De ne F(X) = P n 0 a n X n and G(X Proof.
We rst note that if the series H(X) = P n 0 u n X n is algebraic over Q(X), then, the series XH 0 (X) = P n 0 nu n X n is also algebraic over Q(X). Iterating, we obtain that the series P n 0 n k u n X n is algebraic over Q(X) for any integer k 2 N, hence that the series P n 0 Q(n)u n X n is also algebraic over Q(X) for any rational polynomial Q(X). Suppose now that the formal power series P n 0 P(n) Q(n) b n X n is algebraic over Q(X), where the sequence (b n ) n 0 has the p-Lucas property for each prime number p p 0 , and P(X) and Q(X) are rational polynomials. This implies from the remark above that the formal power series P n 0 P(n)b n X n is algebraic over Q(X). Let p 1 be a prime number larger than p 0 and strictly larger than all prime divisors of the denominators of the coe cients of the polynomial P(X).
If p is a prime number p 1 , we have, for all n 0, and for all j 2 0; p ? 1], the congruence P(pn + j)b pn+j P(j)b n b j (P(j)b j )b n : Hence we can apply Theorem 7.3 to the sequence (P(n)b n ) n 0 and obtain a contradiction. To give a last example, let c n be the number of plane symplectic wave graphs with 2n vertices (see 42]), then, the series P c n X n is transcendental over Q(X). Namely, as proved in 43], c n is given by c n = 6(2k)!(2k + 2)! k!(k + 1)!(k + 2)!(k + 3)! :
